The simultaneous partition problems are classical problems of the combinatorial geometry which have the natural flavor of the equivariant topology. The k-fan partition problems have attracted a lot of attention (S 3 , π2(Wn − ∪A(α))) are different from zero for all choices of 2-skeleton extensions, we introduce the target extension scheme.
1 Introduction
The problem
A k-fan (x; l 1 , l 2 , . . . , l k ) on the sphere S 2 is formed of a point x, called the center of the fan, and k great semicircles l 1 , . . . , l k emanating from x. We always assume counter clockwise enumeration on great semicircles l 1 , . . . , l k of a k-fan. Sometimes instead of lines we use open angular sectors σ i between l i and l i+1 , i = 1, . . . , k. In this case we denote a k-fan with (x; σ 1 , σ 2 , . . . , σ k ). Let µ 1 , µ 2 , . . . , µ m be proper Borel probability measures on S All the results can be extended to more general measures, including the counting measures of finite sets, see [1] , [13] , [14] for related examples. Let (α 1 , α 2 , . . . , α k ) ∈ R >0 be a vector where α 1 + α 2 + . . . + α k = 1. The general problem stated in [1] is : Problem 1 Find all triples (m, k, α) ∈ N×N × R k such that for any collection of m measures {µ 1 , µ 2 , . . . , µ m }, there exists a k-fan (x; l 1 , . . . , l k ) such that (∀i = 1, . . . , k) (∀j = 1, . . . , m) µ j (σ i ) = α i
The k-fan (x; l 1 , . . . , l k ) with this property is called an α-partition for the collection of measures {µ j } m j=1 . The analysis given in [1] shows that the most interesting triples are (3, 2, α), (2, 3, α) , (2, 4, α) . It was shown in [1] , [2] and [3] that there exist (A) ( (Un)fortunately in [3] and [17] was shown that equivariant topology approach for the cases (m, k) = (2, 4) and (m, k) = (3, 2) can not produce any more positive results. Thus, our interst lies in the case of (m, k) = (2, 3).
The statement of results
In this paper we are mostly interested in the problem of 3-fan partitions of two measures on S 2 and we prove the following theorem:
Theorem 2 Let α = (a, a + b, b) ∈ R 3 >0 , a + a + b + b = 1. For every two proper Borel probability measures µ and ν on the sphere S 2 there exists a 3-fan (x; l 1 , l 2 , l 3 ) with spherical angular sectors σ 1 , σ 2 and σ 3 such that
As the pretty easy consequence of the proof of the preceding theorem, we deduce:
For every three proper Borel probability measures µ, ν and η on the sphere S 2 , there exists a 3-fan (x; l 1 , l 2 , l 3 ) with spherical angular sectors σ 1 , σ 2 and σ 3 such that
2 From a partition problem to an equivariant problem
Reduction to the equivariant problem
Over the years, the test map scheme was developed in many research papers [8] , [13] , [16] and was formally encoded in [15] . The main idea of the scheme is to look at the space of all possible solutions and to rephrase the question in terms of coincidences of the associated test map. Imre Bárány and Jiři Matoušek demonstrated in [1] that the test map scheme can be applied on the problem of α-partitioning of m-measures on S 2 by a spherical kfans. In a very elegant way this problem was reduced to the problem of the existence of appropriate equivariant maps. We briefly review this scheme / reduction for the (2, 3) case of this problem (almost the same reductions can be found in [1] , [11] , [3] , [17] ) . Let µ and ν be two proper Borel, probability measures on S 2 and F k the space of all k-fans on the sphere S 2 . The space X µ of all possible solutions associated to the measure µ is defined by
Observe that every n-fan (x; l 1 , . . . , l n ) ∈ X µ is completely determined by the pair (x, l 1 ) or equivalently, the pair (x, y), where y is the unit tangent vector to l 1 at x. Thus, the space X µ is Stiefel manifold V 2 (R 3 ) of all orthonormal 2-frames in R 3 . Keep in mind that
n be an Euclidean space with the standard orthonormal basis e 1 , e 2 , . . . , e n and the associated coordinate functions x 1 , x 2 , . . . , x n . Let W n be the hyperplane {x ∈ R n | x 1 +x 2 + . . .+x n = 0} in R n and suppose that the α-vector has the form α = (
where a 1 + a 2 + a 3 = n. Then the test map F ν : X µ → W n ⊂ R n is defined by
where
The dihedral group D 2n = ω, ε | ε n = ω 2 = 1, εω = ωε n−1 acts both on the possible solution space X µ and the hyperplane W n by ε(x; l 1 , . . . , l n ) = (x; l 2 , . . . , l n , l 1 ),
for (x; l 1 , . . . , l n ) ∈ X µ and (
The D 2n -action on X µ is free. Observe that the space of possible solutions X µ is D 2n -homeomorphic to the manifold V 2 (R 3 ), where
and R x (θ) : R 3 → R 3 is the rotation around the axes determined by x through the angle θ. Since the test map F ν is obviously D 2n -equivariant, the following proposition is proved.
, then for any two measures µ and ν on S 2 , there exists an α-partition (x; l 1 , l 2 , l 3 ) of measures µ and ν.
Thus, the question we are interested in is
A change of the group
Knowing the fact that for odd n, there always exists a Z n -map f :
, Bárány and Matoušek in [1] questioned whether there is a Z n -map F : S 3 → M (α). We would like to do something similar, to question whether there is an appropriate map from sphere S 3 to M (α). We will extend the group, like in [17] and [3] . We use well known "extension of scalars" equivalence from homological algebra, [4] Section III.3. If X is a left G-space and H is a normal subgroup of G, then the space of cosets X/H can be equipped with a G/H-action by gH(Hx) = H(gx). Any G/H-space Z can always be seen as a space with a G-action by g · z := (gH)z ,where g ∈ G and z ∈ Z. The following proposition is a technical detail and can be found also in [17] and [3] . Proof. ⇐: The quotient map p : X → X/H is a G-map and the G/H-space X/H is a G-space via the quotient homomorphism. A G/H-map β :
Let us introduce the natural candidate for the group G where the group G/H should be D 2n . Let S 3 = S(H) = Sp(1) be the group of all unit quaternions and let ǫ = ǫ 2n = cos π n + i sin π n ∈ S(H) be a root of unity. Group ǫ is a subgroup of S(H) of the order 2n. Then, the generalized quaternion group, [5] p. 253, is the subgroup
is not hard to prove that the quotient group Q 4n /H. is isomorphic to the dihedral group D 2n of the order 2n.
Corollary 6
Let the generalized quaternion group Q 4n act on S 3 as a subgroup, and on
Proof. First, ǫ n = j 2 acts trivially on W n . Second, there is an isomorphism
coincides with the D 2n action on V 2 (R 3 ) described in preceding section. Thus, this corollary is a direct consequence of the preceding proposition.
Remark 7
Observe that the Q 4n action on S 3 is free. Also, the Q 4n action on W n is the restriction of the following Q 4n action on R n . Let e 1 , .., e n be the standard orthonormal basis in R n . Then an action is defined by ǫ · e i = e (i+1) mod n and j · e i = e n−i+1 .
Thus, the question we are interested becomes
Is there an α, such that there is no
This question can be weakened in the following way. Let G be a subgroup of Q 4n and
Can we answer the question Is there G ≤ Q 4n and α, such that there is no G-map
Modifying action
Before we try to answer any question let us prove that the concrete free Q 4n -action on S 3 is not of a particular interest. Actually, we would like to know whether we can change the given free Q 4n -action on S 3 with an arbitrary free Q 4n -action on S 3 . The following result allows us to modify the action of the group Q 4n on the domain S 3 . Again, this detail can be found in [17] and [3] .
Proposition 8 If γ 1 and γ 2 are G-actions on S 3 and γ 1 is free, then there exists a G-map f :
Proof. The statement is true because S 3 is 2-connected, γ 1 is free and so are no obstructions to extend a G-map from 0-skeleton to S 3 .
Thus, the existence of a Q 4n -map F : S 3 → M (α) does not depend on a particular choice of a free Q 4n -action on S 3 . This allows us to use any free Q 4n action on S 3 and we will have a favorite one.
Obstruction theory approach
We are ready to apply the obstruction theory in order to question an existence of a G-map
The main objective is to prove the theorem 2. Thus, we will try to find the subgroup G of the group Q 4n such that for α = (a, a + b, b) there is no G-map F : S 3 → M (α).
The G-bordisms and coinvariants
The standard topological tool for discussing the existence of some map is (equivariant) obstruction theory. Following the procedure of obstruction theory [7] , since M (α) is connected and is not 1-connected, the first obstruction lays in
In [17] , Section 7, for G = Q 4n the first obstruction was seen via sequence of isomorphisms
, the "extension of scalars" isomorphism, [4] 
, the equivariant Poincaré duality, [10] 
, the definition of the homology of group
, because 1 ≤ 3, [6] as a trivial element of the oriented Z 2 -bordism group Ω 1 (Z 2 ). This implies that all the first obstructions for different subgroups G of Q 4n must be zero too. Since the first obstruction is trivial we should try to find the second and final obstruction which lays in
To analyze the second obstructions we alter the classical approach and introduce the target extension scheme. To prove that the second obstruction is different from zero it is enough to find a space X which contains M (α) and a subgroup G ⊆ Q 4n such that there is no G-map S 3 → X. The application of this idea to our problem produces the following scheme for G subgroup of Q 4n :
(A) Take an arbitrary hyperplane or a half-subspace J of L(α) and make a minimal Ginvariant arrangement of linear (half-)subspace
(B) Apply the obstruction theory to the question of the existence of a G-map S 3 → W n − ∪B G (J, α). The space N = W n − ∪B G (J, α) is 1-connected and consequently 2-simple in the sense that π 1 (N ) acts trivially on π 2 (N ), thus by Hurewicz theorem
. Then the part of the obstruction exact sequence ( [7] , [16] ) we are interested in is
where S
3
(1) and S , M ] Q4n = ∅, the sequence becomes
The exactness means that the set [
) is equal to zero. The element τ G ( * ) depends only on N . Thus, the main question we ask transforms in the question
A map in the general position
We evaluate the class τ G ( * ) by the so called "map in the general position" standard procedure, [16] . Let h : S 3 → W n be an arbitrary G-simplicial map which is in the general position. What we mean is that for any simplex σ in S
Now let h : S 3 → W n be a G-map in the general position. Then there is an associated obstruction cocycle
To describe a cocycle c G (h) a little closer, let σ be an oriented 3-simplex in
The main question can be reformulated in the following way Is there G ≤ Q 4n , J ⊂ L and α,such that cohomology class of c G (h) is not zero?
In order to narrow our attention we prove the following theorem which can be also found in [3] .
Theorem 9 The cohomology class of the obstruction cocycle c G (h) is a torsion element of the group H
Proof. Let H be a subgroup of G. The restriction map
The definition of the obstruction cocycle implies that r(c G (h)) is the obstruction cocycle for the extension of the H-map in the general position h. It is a known fact ([4] Section III.9. Proposition 9.5.(ii)) that the composition of the restriction with the transfer τ :
Particularly, let H be the trivial subgroup of G. The sphere S 3 is 2-connected and H is a trivial group, so the map h can be extended to a N -map S 3 → M . Thus, [c H (h)] = 0 and consequently
Proof of the Theorem 2
In order to simplify the proof of the main theorem we divide it in the following steps.
(A) Fix a subgroup G of Q 4n and a half-subspace J of codimension 1 inside L(a, a + b, b); Let the subgroup which we will use in the proof be a cyclic subgroup Z n = {1, ǫ 2 , . . . , ǫ 2n−2 } of Q 4n . The half-subspace J is defined as the intersection of L and the hyperplane and a half-space defined by (a + b)(x a − x 2a+b ) + (x a+1 − x 2a+b+1 ) = 0 and x 1 + .. + x a+b ≥ 0.
(B) Induce on S 3 one preferable and one minimal free G CW structure; The proposition 8 implies that we can induce a free Z n CW structure on S 3 any way we want it, without messing up. Thus, the preferable CW structure (simplicial) comes from the following homeomorphism S 3 ≈ S 1 * S 1 ≈ P n * P n and the natural Z n "rotation" action on both copies of n-gon P n . If v 1 , .., v n are vertices of the first P n and w 1 , .., w n are vertices of the second P n , then
The associated simplicial chain complex
The most economical or minimal CW structure on S 3 comes from the construction of EZ n . The minimal CW complex has n cells {(
Now the cellular chain complex
has the usual form,
be vertices of a regular simplex in W n , where u i := e i − 1 n n i=1 e i and e 1 , e 2 , . . . , e n the standard orthonormal basis in R n . Note that the Z n acts via Q 4n -action on W n by cyclic permutation. Let h 1 , h 2 : P n → W n be simplicial, Z n -equivariant maps defined by
To prove that h is a map in general position it suffices that simplices σ = [v i , v i mod n+1 ] * [w i , w i mod n+1 ] ⊂ P n * P n = S 3 mapped by h, intersect the half-subspace J. It is the standard procedure to find that there are two simplices
and a point inside each of them
(D) Express the obstruction cocycle c G (h) defined on the preferable CW structure on S 3 and in terms of the minimal CW structure on S 3 ; To compute the obstruction cocycle c G (h) we use the formula
where θ is a 3-simplex in S 3 , h * [∂θ] ∈ H 2 (N ; Z) the homology class induced by the h image of the boundary of θ and I θ (y) the intersection number of the oriented simplex h(θ) and the union ∪B Zn (J, α). Also, for every g ∈ G there is an identity
To simplify the calculation of c Zn (h) ∈ Hom Zn (C 3 (S 3 , Z), H 2 (N ; Z)), we map c Zn (h) to the associated element c
) by the dual of the obvious cellular map. Since in D 3 (S 3 , Z) there is only one equivariant generator d 3 it suffices to find the value c
to the simplicial chain complex {C i (S 3 , Z)} 3 i=0 maps d 3 to the sum of all 3-simplices in join [v 1 , v 2 ] * P n . Now it is not hard to see that the only simplex in
Thus,
If we denote the simplex [v 1 , v 2 ] * [w a+b+1 , w a+b+2 ] by σ and points a n u 1 + b n u 2 + a n u a+b+1 + b n u a+b+2 and a n u 1 + b n u 2 + a n u a+b+1 + b n u a+b+2 by y and z respectively, the obstruction cocycle is
since the ǫ 2 changes the orientation of W n if and only if n is even. Describe H 2 (N ; Z) . There is an equality N = W n − ∪B Zn (J, α) = S n−1 − ∪B Zn (J, α) which allows us to use Poincaré-Alexander duality, whereB Zn (J, α) is the compactification of the arrangement B Zn (J, α). Thus, we will work with the arrangementB Zn (J, α) instead of its complement N . There is a sequence of isomorphisms
All the isomorphisms in this sequence are Z n equivariant except the Poincaré-Alexander duality map, which is a Z n -map up to a orientation character. If o is an orientation of the Z n -sphere S n−1 , then o determines Poincaré-Alexander duality map γ o [9] . In particular, the mapping is Z n -equivariant up to the orientation g · o = det(g) · o, where g ∈ Z n ⊆ GL n (R). Every maximal element of the arrangement B Zn (J, α) is a (n − 4)-dimensional linear halfsubspace, so H n−3 (∪B Zn (J, α), Z) = 0 and Ext(H n−3 (∪B Zn (J, α), Z), Z) = 0. Therefore,
The Ziegler-Živaljević formula implies that (assuming Z coefficients)
where P (α) is the intersection poset of the arrangementB Zn (J, α) andV one-point compactification of the element V . The natural Z n -action on the ∪B Zn (J, α), inherited from the ambient Z n -action, respects the dimensional decomposition of the (n − 4)-homology. Since for d = n − 4 all elements of the intersection poset P (α) are half-subspaces
When d = n − 5, the only elements which contribute to the (n − 4)-homology are linear
For our purpose this is enough, and so we stop with this decomposition of Z n -modules
Thus, N ; Z) ). As we have seen, the cellular chain complex of the minimal CW structure has the usual form,
When we apply the functor Hom Zn (·, H 2 (N ; Z)), the sequnce becomes
where H 2 (N ; Z) Zn is a group of coinvariants of Z n -module H 2 (N ; Z).
Since the obstruction cocycle c
it follows that
(G) Prove that the cohomology class of the obstruction cocycle c
is free we can use the Z n -module structure on H n−4 (∪B Zn (J, α), Z) to compute some parts of the group H 2 (N, Z) Zn . For the time been, let H n−4 (∪B Zn (J, α), Z) be free. The nature of Poincaré-Alexander duality map requires the modification of the Z n -action. Precisely, let l ∈ H n−4 (N, Z) and g ∈ Z n , then g * l = det(g) g · l, where * is the new modified action, and · the natural action inherited from the ambient Z n -action on R n . If we define congruence relation ∼ on H n−4 (∪B Zn (J, α), Z) by the elements of the form g * x − x, g ∈ Z n , x ∈ H n−4 (∪ A(α), Z), then there is an isomorphism
We apply this scheme to the first summand in the decomposition (1) . The set equalities
where l stands for the homology class of the sphere L ∩ (ǫ 2 ) a+b L. This identity implies the following ∼ relation
Thus, there is a decomposition of the group of coinvarians H 2 (N ; Z) Zn in the following way
It is not hard to see that the class [ L ∩ (ǫ 2 ) a+b L]/ ∼ is the generator of the Z 2 in the above decomposition
Zn is not zero. To do this we have to find the image of (−1)
Using the fact that this isomorphism is a calculation of the linking number we have that The obstruction theory implies that there is no Z n -map S 3 → W n \ ∪ B Zn (J, α) and consequently no Z n and Q 4n -map S 3 → M (α) where α = (a, a + b, b). Now from the proposition 4 and the corollary 6 we conclude that for every two measures µ and ν on the sphere S 2 there exists a 3-fan (x; l 1 , l 2 , l 3 ) with spherical angular sectors σ 1 , σ 2 and σ 3 such that µ(σ 1 ) = ν(σ 1 ) = a n , µ(σ 2 ) = ν(σ 2 ) = and therefore, the statement of the theorem is proved.
Proof of the Corollary 3
We prove this consequence by translating the geometric combinatorial problem for rational a and b to the exactly the same equivariant topology problem. The space X µ of all possible solutions associated to the measure µ is again defined by X µ = {(x; l 1 , . . . , l n ) ∈ F n | (∀i = 1, . . . , n) µ(σ i ) = 1 n }, and consequently X µ ∼ = SO(3) ∼ = RP 3 . But now, let the test map F ν : X µ → W n ⊂ R n be defined by F ν (x, y) = F ν (x; l 1 , . . . , l n ) = (ν(σ 1 ) − η(σ 1 ), ν(σ 2 ) − η(σ 2 ), . . . , ν(σ n ) − η(σn)).
Surprisingly, the test space is again the variety D(A) := ∪A(α) ⊂ W n of the smallest D 2n -invariant linear subspace arrangement A(α) in R n , which contains our well known linear subspace L(α) ⊂ W n . Thus we reduced our problem to the discussed question of the existence of D 2n equivariant map V 2 (R 3 ) → W n \ D(α). Since we have proved that there is no such a map, the statement of the corollary follows.
